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ABSTRACT

simulated by non-faulty (or healthy) processors [6, 7, 8, 9].
This way, we do not add any hardware redundancy but allow
slow-down of the system when failures happen. The other
approach is to add hardware redundancy, spare nodes or
edges, so that the system can be reconﬁgured to simulate
the desired topology to maintain the full performance with
the presence of failures [1, 2, 4, 10, 11]. In this paper, we
study the design of fault-tolerant networks for arrays and
meshes in the second approach.

In this paper, we study the design of fault tolerant networks
for arrays and meshes by adding redundant nodes and edges.
For a target graph G (linear array or mesh in this paper),
a graph G is called a k-fault-tolerant graph of G if when
we remove any k nodes from G , it still contains a subgraph
isomorphic to G. The major quality measures for a faulttolerant graph are the number of spare nodes it uses and the
maximum degree it has. The degree is particularly important in practice as it poses constraints on the scalability of
the system. In this paper, we aim at designing fault-tolerant
graphs with both small degree and small number of spare
nodes. The graphs we obtain have degree O(1) for arrays
and O(log 3 k) for meshes. The number of spare nodes used
are O(k log2 k) and O(k2 / log k), respectively. Compared to
the previous results, the number of spare nodes used in our
construction has one fewer linear factor in k.

1.

The latter approach can be conveniently described as a graph
problem [10, 11]. Suppose that G is a graph which represents
the topology of an interconnection network. We say that another graph G is a k-fault-tolerant graph (or FT(G, k)) of
the target graph G if when we delete any k nodes (and incident edges) from G , it still contains a subgraph isomorphic
to G. In the following, we use v(G) to denote the number of
nodes in G and d(G) the maximum degree of G. The most
important quality measures of fault tolerant networks are
the number of spare nodes and edges added.

INTRODUCTION

In many parallel computer systems, the processors are connected by interconnection networks. Such networks usually
have regular topology and small degree to allow scalability. Popular instances of interconnection networks include
arrays, meshes, trees, and hype-cubes [8]. A central issue
in the design of interconnection networks is fault-tolerance
as it is essential for a large parallel system to work properly
even when some processors fail. Compared to bus-based
systems, the fault-tolerance of interconnection networks is
more intrigue as the failure of one processor may aﬀect the
communication of other processors; for example, in a linear
array, the failure of one processor disconnects the array into
two connected components.

In [5], Erdös et al. study the design of fault-tolerant graphs
for directed linear arrays. They gave probabilistic construction of directed acyclic graph with O(n log n) edges to tolerate n faults for a directed linear array with n nodes. Also,
they prove a lower bound of Ω(n log n/ loglog n) on the number of edges for such graphs. In [2], Alon et al. construct
fault tolerant graphs for (undirected) linear arrays. In [1],
a general method based on probabilistic argument is presented to design fault-tolerant graphs for any graph G. The
construction uses k spare nodes, but the degree of the constructed graph is O(kd(G)). In the same paper, explicit
constructions are given only for small k’s. In their constructions, the degree of the graph is linear in k and can be
prohibitively high in practice — we usually require the degree of the graphs be small to allow scalability. This problem is addressed in [4] in which the authors consider the
design of fault-tolerant graphs with small degree for arrays
and meshes. The results of their paper are summarized in
Table 1. In the table, Ln denotes the linear array with n
nodes, and Mn denotes the n × n mesh.

In literatures, there are mainly two approaches to achieving
fault-tolerance. In one approach, the faulty processors are
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Although the fault tolerant networks built in [4] have small
degree, the numbers of spare nodes needed are high. In this
paper, we show how to improve the number of spare nodes
for fault tolerant graphs of arrays and meshes while keeping
the degree small. Our results are summarized in Table 1 as
well. Compared to the construction in [4], our methods use
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FT(Ln , k)
spare nodes degree
O(k2 )
O(1)
O(k log2 k)

O(1)

FT(Mn , k)
spare nodes
degree
O(k3 )
O(1)
√
O(k5/2 )
O( k)
O(k2 / log k) O(log 3 k)

(a)

Table 1. Summary of the results.
smaller number of spare nodes.
For arrays, we ﬁrst use a recursive construction to obtain
fault-tolerant graphs with O(k log k) spare nodes and O(log k)
degree. Following the same idea as in [4], we can reduce the
degree to O(1) by increasing the number of spare nodes to
O(k log2 k) by using a gadget called Moon graph. A crucial
property of the Moon graphs is that there is a Hamiltonian
path between any two distinct nodes in the graph. The faulttolerant graphs for arrays gives us a straight-forward way to
construct fault-tolerant meshes with O(k log k) spare nodes
and maximum degree O(k log k). By using√Moon graphs,
we can reduce the degree of the graph to O( k log k) while
using O(k3/2 log n) spare nodes. To reduce the degree further, we design a new gadget called tower graphs, with the
structure similar to the classical ﬁnger trees. By exploiting
and utilizing certain properties of tower graphs, we are able
to reduce the degree of the fault-tolerant graphs for meshes
to O(log 3 k) by using O(k2 / log k) spare nodes.

(b)
Figure 1. The Moon graphs of (a) even and (b) odd number
of vertices.
When G is clear from context, we simply say that G tolerates k faults. We call those nodes that have to be removed
faulty nodes and others healthy nodes.
In the following, we denote by Ln and L̂n the undirected
and directed linear arrays with n nodes, respectively, and
by Mr,c the r × c mesh. When r = c, it is simply written as
Mr .
Following the notations in [4], for a natural number n and
an integer set T , deﬁne C(n, T ) to be the undirected graph
with the vertices indexed {0, 1, · · · , n − 1} and the edge set
{(i, i + s) | s ∈ T and 0 ≤ i, i + s < n}. The directed graph
Ĉ(n, T ) is deﬁned similarly except that each undirected edge
(i, i + s) is replaced by the directed edge i, i + s .

In all the previous work, it is assumed that the number of
faults is bounded, and the number of nodes of the target
network is also ﬁxed. In this approach, the spare nodes are
really “spare” as the size of simulated network is ﬁxed regardless of the number of faults to tolerate. It is however
more appropriate to assume that the number of nodes in
the original graph is ﬁxed and to ask what is the largest
size of graphs with wanted topology can be realized in the
graph with node failures. An implication of our construction is that we can construct directed acyclic graphs with
size n and degree O(log k) so that if any f (f = O(k/ log k))
nodes fail, there always exists a directed path with size
n − O(f log f ). This is related to the work on fault-tolerant
data structures [3]. In this paper, we always perform worstcase analysis, i.e. the graphs constructed are guaranteed to
contain the target graph if at most k nodes fail. There are
also researches ([4, 12, 13]) on considering randomly distributed faults, in which case it suﬃces to guarantee that a
target graph exists with high probability. Under such model,
it is usually possible to obtain graphs with smaller number
of spare nodes or edges.

As mentioned in the introduction, we will use some gadgets
to reduce the graph degree in our constructions. The gadgets
we use are the Moon graphs and tower graphs.
The Moon graph [4] with s nodes, denoted by Ks , is a constant degree graph so that for any pair of distinct nodes in
Ks , there exists a Hamiltonian path connecting those two
nodes. The constructions are shown in Figure 1. It is easy to
verify that for any two nodes in Ks , there is a Hamiltonian
path ending at them.
The tower graph Qs , where s = 2t for some non-negative
integer t, is a perfectly balanced binary tree on s leaves with
all the nodes on the same level connected1 (Figure 2 (a)).
Clearly, v(Qs ) = 2s − 1 and d(Qs ) = 5. Figure 2 (b) shows
a planar layout of Qs .

The paper is organized as follows. In Section 2, we will
introduce some notations and useful facts. We then present
the construction for linear arrays in Section 3 and for meshes
in Section 4. The main results are stated in Theorem 3.3
and 4.3.

2.

Each node in the tower graph can be indexed by (l, p) where
l is its level and p is its position in that level. The levels are
indexed starting from 0 at the leaf level and increase bottom
up. On each level, the position of nodes are indexed from 0
to s/2l − 1 and increase from left to right (Figure 2(a)). In
the tower graph, we can form a Hamiltonian path H(i) from
each leaf node (0, i) to the root level by level. On each level,
we trace the loop until we reach the node that precedes the
beginning node. Then, we follow the tree edge to go to the
upper level and repeat the process until getting to the root

PRELIMINARIES

For a graph G, let v(G), d(G) denote the number of vertices
and maximum degree of G, respectively. A graph G is a kfault-tolerant (or FT(G, K)) graph of G if when we remove
any k nodes from G , it still contains an isomorphic copy of
G. The isomorphic copy of G is called a realization of G.

1
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In general, such graphs are called ﬁnger trees.

4

The same argument proves that H j+1 (i2 )−H j+1 (i1 ) ≥ (i2 −
i1 )/2j+1 − 2.



3
2

3. FAULT TOLERANT GRAPHS FOR LINEAR ARRAYS

1

In this section, we show the construction of fault-tolerant
graphs for linear arrays. What we actually obtain are faulttolerant graphs for directed linear arrays, and the faulttolerant graphs are directed acyclic graphs (DAG). Or more
intuitively, we can number the nodes in the original graph
G from 0 to v(G ) − 1, and the ordering is maintained in
the realization of the array when there are faults.

0

0 1

7

(a)

In the following, we assume that k = 2t for t ≥ 0. The construction is done recursively. When t = 0, Ĉ(n + 1, {1, 2})
is an FT(L̂n , 1) graph [4]. Now we show how to construct
graphs that tolerate 2k faults based on the graphs that tolerate k faults. We take two copies of FT(L̂n/2+k+1 , k)
graphs G1 , G2 and create the graph G as follows. First, we
re-number the nodes in G1 , G2 . For the node with index
m in G1 , it is indexed 2m in G, and for the node m in
G2 , its index is 2m + 1 in G. In addition to the edges in
G1 and G2 , we also create the directed edges a, a + 1 , for
0 ≤ a < 2v(G1 ) to stitch the two copies together. Now, we
claim that:

(b)
Figure 2. The tower graph Q16 drawn as (a) a ﬁnger tree,
and (b) a planar layout. The Hamiltonian paths from a leaf
node to the root are shown in thickened lines. In (a), we
also show the indexing of the levels and some nodes.

Lemma 3.1. The graph G is a directed acyclic graph and
an FT(L̂n , 2k) graph.

j

(Figure 2). Deﬁne H (i) to be the position of the ﬁrst level-j
node encountered on H(i), and Hm (i) to be the m-th node
in the path H(i). According to the formation of the path,
we have that H 0 (i) = i, and H j+1 (i) = (H j (i) − 1)/2
when H j (i) > 0, or s/2j+1 − 1 when H j (i) = 0. For any two
leaf nodes i1 , i2 , Hm (i1 ) and Hm (i2 ) must be on the same
level. An important property of the tower graph is that we
can bound the diﬀerence between the indices of Hm (i1 ) and
Hm (i2 ) according to the diﬀerence between i1 and i2 . This
property is made precise by the following lemma.

Proof. Clearly, G is a directed acyclic graph since G1
and G2 are acyclic graphs, and the additional edges added
are consistent with the linear ordering of G1 and G2 .
When there are 2k faulty nodes in G, either G1 or G2 contains no more than k faulty nodes. Without loss of generality, suppose that it is G1 . According to the induction
hypothesis, G1 is an FT(L̂n/2+k+1 , k) graph. Therefore,
there is a directed path with length n/2 + k + 1 in G1 .
Suppose the directed chain thus obtained is

Lemma 2.1. |(H j (i2 )−H j (i1 )) mod(s/2j )−(i2 −i1 )/2j | ≤
2 for i2 > i1 .

L̂ = i1 → i2 → i3 → · · · → in/2+k+1 ,
where i1 < i2 < · · · < in/2+k+1 . For each node ij where
1 ≤ j ≤ n/2 + k, consider the path Pj : ij → ij + 1 →
ij +2 · · · → ij+1 −1 → ij+1 . Since ij ’s are in increasing order,
all the Pj ’s are node disjoint except at the end points of the
paths. Call Pj healthy if all the nodes in Pj are healthy.
Since there are at most 2k faulty nodes, and Pj ’s do not
share interior nodes, at least n/2 + k − 2k = n/2 − k
paths are healthy. For each healthy path Pj , we replace the
corresponding edge ij , ij+1 in L̂ with Pj . For each such
replacement, we are able to add at least one node to the
original path. Thus, we obtain a directed list with length at
least n/2 + k + 1 + (n/2 − k) ≥ n. This proves that the
above graph is indeed an FT(L̂n , 2k) graph.

Proof. (By induction) When j = 0, it is obviously true
as H 0 (i) = i.
Suppose that it is true for level j. We shall prove that it is
also true for level j + 1. Without loss of generality, assume
that H j (i1 ) ≤ H j (i2 ). When H j (i1 ) > 0, we have that:
=
≤
=
≤
=

H j+1 (i2 ) − H j+1 (i1 )
(H j (i2 ) − 1)/2 − (H j (i1 ) − 1)/2
(H j (i2 ) − 1)/2 − (H j (i1 ) − 1)/2 + 1
(H j (i2 ) − H j (i1 ))/2 + 1
((i2 − i1 )/2j + 2)/2 + 1
(by the induction hypothesis)
(i2 − i1 )/2j+1 + 2 .



When H j (i1 ) = 0, it is easy to verify that the same argument
holds when taking modular arithmetic.

Now, we analyze the complexity of the graph. For simplicity, denote by v(n, k), d(n, k) to be v(FT(Cn , k)) and
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Compared with the construction given in [4], our construction uses O(k log2 k) spare nodes while theirs uses O(k2 )
spare nodes. The graphs we construct have another property as the longest array that it contains depends on the
number of faulty nodes in the graph.

d(FT(Cn , k)), respectively. We then have the following recurrences according to the above construction:



v(n, 2k) ≤ 2v(n/2 + k + 1, k), v(n, 1) = n + 1 ;
d(n, 2k) ≤ d(n/2 + k + 1, k) + 2, d(n, 1) = 4 .

These recurrences solve to v(n, k) = n + O(k log k) and
d(n, k) = O(log k). Thus, we have that:

Corollary 3.4. For some constant c2 > 0 and for any n, k >
0, we can construct graph G with n nodes and degree
O(log k), so that for any f < k/ log k, if there are f faulty
nodes in G , it contains a directed path with length at least
n − c2 f log f .

Lemma 3.2. For any n, k > 0, there are FT(L̂n , k) graphs
with n + O(k log k) nodes and O(log k) degree.

Proof. Consider the graph C(n, Tk ). By induction on k,
we can prove it by following the same argument as in the
proof of Lemma 3.1. The details are omitted.

There is a direct way to describe the graphs constructed
in the above recursive procedure. For any k > 0, deﬁne
Tk to be the set {2j | 0 ≤ j ≤ log k + 1}. Then, the graph
constructed is exactly the graph Ĉ(n+c1 k log k, Tk ) for some
constant c1 > 0.



In the following section, we will see how to apply the result
obtained in this section, with the help of more subtle gadgets, to obtain improved fault-tolerant graphs for meshes.

By applying the method in [4], we can reduce the degree
to constant by increasing the number of spare nodes to
O(k log2 k). The idea is to ﬁrst construct an FT(L̂n/s , k)
graph G and then use it as a “template” to construct another graph G as described below. For each node i of G, we
create a super-node Ai in G . The super-node is a copy of
the Moon graph Ks . We divide the nodes in Ai arbitrarily
into two roughly equal-sized disjoint groups A0i and A1i . To
connect those super-nodes together, we add the following
edges: for a directed edge i, j in G, we connect a node in
A1i to a node in A0j , with the only requirement being that
all the edges incident to a super-node be evenly distributed
among the nodes it contains. This way, we obtain the graph
G .

4. FAULT TOLERANT GRAPHS FOR
MESHES
In [4], constant degree fault-tolerant graphs are constructed
for meshes by using O(k3 ) spare nodes. In this section, we
shall show the construction of k-fault-tolerant graphs for
meshes with O(k2 / log k) spare nodes and with O(log3 k)
maximum degree.
In the following, we ﬁrst construct fault-tolerant graphs for
meshes with O(k log k) spare nodes and O(k log k) degree.
For any r, c, k > 0, let G be the FT(L̂rc , k) graph as in
the previous section. According to Theorem 3.3, v(G) =
rc + c1 k log k for some constant c1 > 0. In addition, for each
node i in G, we create edges i, i+j for c ≤ j ≤ c+c1 k log k.
Let G be the resulted graph. We claim that:

First, we shall show that G tolerates k faults. The supernode Ai in G is called healthy if all the nodes in Ai are
healthy. When there are k faults, there are at most k supernodes in G are not healthy. Since G is an FT(L̂n/s , k)
graph, there exists a directed path L with length n/s in
G so that all the nodes in L correspond to healthy supernodes in G . We can then construct a path with length
n in G according to L. For a node i in G, suppose that
j1 , i and i, j2 in L are the (directed) edges incident to i.
According to the construction, there are corresponding edges
in G between super-nodes Aj1 , Ai and Aj2 , Ai . Suppose
those edges are incident to nodes i1 and i2 , respectively, in
Ai . Then, i1 must be in A0i , and i2 in A1i , i.e. i1 and i2
are diﬀerent nodes. By the property of Moon graph, there
exists a Hamiltonian path between i1 and i2 . We can then
unroll the super-node Ai to the Hamiltonian path between
i1 and i2 . By unrolling all the super-nodes corresponding to
the nodes in L, we thus obtain a path with length s×n/s = n
in G .

Lemma 4.1. The graph G is an FT(Mr,c , k) graph with
O(k log k) spare nodes and with O(k log k) maximum degree.
Proof. Suppose that there are (up to) k faulty nodes.
Since G contains an FT(L̂rc , k) graph as a subgraph, there
exists a path with length rc in the graph. Suppose that
the nodes on the path are i1 < i2 < · · · < irc . Because
there are c1 k log k spare nodes, we know that j2 − j1 ≤
ij2 − ij1 ≤ (j2 − j1 ) + c1 k log k for 0 < j1 < j2 ≤ rc. Thus,
c ≤ ij+c − ij ≤ c + c1 k log k for all j. According to our
construction of G , there is an edge between the nodes ij
and ij+c . Thus, we obtain a r × c mesh, where the j-th row
consists of the nodes ijc+1 , ijc+2 , · · · , ijc+c .
Clearly, the number of vertices of G is just the same as that
of G’s, and the degree of G is O(k log k).



The size of G is clearly s × (n/s + O(k log k)) = n + sk log k
and the degree of the graph is O(log k/s) since the edges are
distributed evenly in a super-node. By taking s = log k, we
then have that

While G uses small number of spare nodes, its degree is
high. In the following, we shall show how to reduce the
degree by using Moon graphs and tower graphs.
The edges in G can be classiﬁed into two types, the horizontal edges, which are in G, and the vertical edges, which

Theorem 3.3. For any n, k > 0, there are FT(Ln , k) graphs
with n + O(k log2 k) nodes and O(1) degree.

67

are added between i, i + s for c ≤ s ≤ c + c1 k log k. The
horizontal and vertical edges correspond respectively to the
row and column edges in the target mesh.

that the index diﬀerence of the corresponding nodes in the
Hamiltonian paths can be bounded by the index diﬀerence
between the starting nodes. Further, we observe that in
the construction of the fault-tolerant graphs for arrays, two
nodes are connected only if their index diﬀerence is in the
set Tk , whose size is O(log k). Thus, by using tower graphs
as the super-nodes, if we distribute vertical edges more carefully, we may not need to create pairwise horizontal edges
between two super-nodes. Indeed, this is exactly the intuition behind our method to reduce the degree by using tower
graphs.

To reduce the degree, we follow the same approach in Section 3 by adding more spare nodes. In the following,
we will
√
ﬁrst show how to reduce the degree to O( k log k) by using Moon graphs. Then, we show how to reduce the degree
further to O(log3 k) by using tower graphs. In what follows,
we only consider for n × n meshes. For general meshes, the
same results hold.
√
To reduce the degree to O( k log k), we ﬁrst build a graph
G ∈ FT(Mn/s,n , k) by Lemma 4.1 and then construct another graph G using G as a template, just as in Section 3.
For each node i in G, we form a super-node Ai , which is
again a copy of Moon graph Ks and consists of two groups
A0i and A1i . For each horizontal edge i, j in G, we connect
each node in Ai to all the nodes in Aj . For each vertical edge
i, j , we add an edge between a node in A1i and a node in
A0j in such a way so that all the vertical edges added are
distributed evenly in a super-node. We ﬁrst claim that G is
a k-fault-tolerant graph for the n × n mesh. When there are
faulty nodes, a super-node is said healthy if all of the nodes
in it are healthy. There can be at most k super-nodes that
are not healthy. Thus, there is an n/s × n mesh M in G
where each node in M corresponds to a healthy super-node
in G . For each node i in M , there are at most two vertical
edges incident to it, one to the upper row and the other to
the lower row. Those two vertical edges have corresponding
edges between super-nodes in G . We can unroll the supernode Ai into a Hamiltonian path with the end points being
the nodes in Ai that are incident to the corresponding vertical edges. This way, we obtain n columns, each with length
n. What about rows? Since in our construction, every pair
of nodes are connected whenever there is a horizontal edge
between the two corresponding super-nodes, we can weave
those n columns together and obtain an n × n mesh.

To form a super-node Qs , we take two copies Q0s and Q1s of
Qs , the tower graph with s nodes, and connect their root
nodes. Note that v(Qs ) = 2v(Qs ) = 4s − 2 and d(Qs ) = 5.
Deﬁne Tk,s = {(2j − 2i ) mod s | 0 ≤ i, j ≤ log k}. Now, we
construct an FT(Mn/(4s−2),n , k) graph G and use it as a
template to construct another graph G . Again, for each
node i in G, we form a super-node Ai which is a copy of
Qs . Each super-node Ai consists of two copies, A0i and A1i ,
of tower graph. According to the edges in G, we create the
following edges in G :

• For a horizontal edge i, j in G, for each t ∈ Tk,s , connect each node (l, a) in A0i to nodes (l, (a+m) mod s/2l )
in A0j , where t/2l − 2 ≤ m ≤ t/2l + 2. Repeat the same
procedure for A1i and A1j . This way, we increase the
degree of each node in Ai , Aj by O(|Tk,s |) for each
horizontal edge i, j .

• For a vertical edge i, j , connect the leaf node (0, (j −
i−n) mod s) in A1i to the leaf node (0, (j −i−n) mod s)
in A0j . Since the vertical edges connect the node i to
the nodes i + n, i + n + 1, · · · , i + n + c1 k log k, this way,
the vertical edges are distributed evenly to all the leaf
nodes. Thus, the degree of each node is increased by
O(k log k/s) by this procedure.

The number of nodes in G is s(n2 /s + O(k log k)) = n2 +
O(sk log k), and the degree is O(k log k/s + s log k), where
k log k/s accounts for the vertical
√ edges, and s log k for the
horizontal edges. Taking s = k, we have that

Now, we claim that G tolerates k faults. Suppose that
there are up to k faulty nodes. Again, we call a supernode healthy if it does not contain any faulty node. Then,
there are at most k unhealthy nodes. Therefore, there is an
n/(4s − 2) × n mesh M that consists of nodes corresponding
to healthy super-nodes. We then unroll each super-node
into a path with length 4s − 2 and weave them to form
an n × n mesh as follows. For any node i1 in M , it is
incident to two vertical edges (i0 , i1 ) and (i1 , i2 ). According
to the construction of G , we know there are corresponding
edges between A1i0 and A0i1 , and A1i1 and A0i2 . Suppose that
these two edges incident to the node a0i in A0i and a1i in A1i ,
respectively. We can then unroll Ai into a Hamiltonian path
by connecting the Hamiltonian path H(a0i ) in A0i and H(a1i )
in A1i at their root nodes. This way, we obtain a path with
length (4s − 2) × n/(4s − 2) = n for each column. In the
following, we argue that there are edges connecting those
paths into an n × n mesh.

Corollary 4.2. For any n, k, there are
√ FT(Mn , k) graphs
with O(k3/2 log k) spare nodes and O( k log k) degree.
In the above construction, whenever there is a horizontal
edge between two super-nodes, we add an edge between
each pair of the nodes in those two super-nodes. While
this ensures that we can weave the columns in the correct
order to form a mesh, it also add unnecessarily many edges.
The reason that we have to add edges between every pair of
nodes between two super-nodes is that we distribute the vertical edges between super-nodes arbitrarily. This makes the
Hamiltonian paths unrolled in each super-node arbitrary,
and thus we have to add a horizontal edge between each
pair of nodes in the corresponding super-nodes to make sure
that there are edges between two Hamiltonian paths in the
correct order.

Let us consider four nodes i1 , i2 , j1 , j2 in G where i1 , i2 and
j1 , j2 are horizontal neighbors, and i1 , j1 and i2 , j2 are ver-

As shown in Lemma 2.1, the tower graph has the property
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